Abstract. In this paper we will algorithmically prove the global epsilon constant conjecture for all Galois extensions L/Q of degree at most 15. In fact, we will obtain a slightly more general result whose proof is based on an algorithmic proof of the local epsilon constant conjecture for Galois extensions E/Q p of small degree. To this end we will present an efficient algorithm for the computation of local fundamental classes and address several other problems arising in the algorithmic proof of the local conjecture.
Introduction
For a tamely ramified Galois extension L/K of number fields with Galois group G, the ring of integers O L has been studied as a projective Z[G]-module. CassouNoguès and Fröhlich defined a root number class W L/K associated to the epsilon constants occurring in the functional equation of Artin L-functions, and it was conjectured by Fröhlich and proved by Taylor in 1981 that this class is equal to the class of O L in the reduced projective class group Cl(Z[G]); see [19, 35] .
In 1985 Chinburg defined an element Ω(L/K, 2) in Cl(Z[G]) for arbitrary Galois extensions L/K with Gal(L/K) = G using cohomological methods and proved that it matches the class of O L for tamely ramified extensions. His Ω(2)-conjecture, stating the equality of Ω(L/K, 2) and W L/K in Cl(Z[G]), therefore generalizes Fröhlich's conjecture to wildly ramified extensions; cf. [15] .
Later, Burns and the first named author formulated in [4] [11] imply that the conjecture is true for all abelian extensions of Q.
The main contents of this article are as follows. After introducing some notation we will present an efficient algorithm for the computation of local fundamental classes in Section 2. In Section 3 we will recall the formulation of the epsilon constant conjectures and related known results. To apply an algorithm of Breuning and the first named author for the proof of this conjecture (see [3] ) we will present heuristics to represent local extensions using global number fields in Section 4. Thereafter, Section 5 gives an overview of the algorithm and addresses details and problems which either needed more efficient solutions or which occurred during the implementation of the algorithm. In Section 6 we finally summarize all theoretical results that restrict the problem to the verification of the local epsilon constant conjecture for finitely many local extensions of Q p . These problems have then been solved by a computer and we give some details on the computations and their results. Altogether, this will complete the proof of Theorem 1 and its corollaries. for the n-units 1 + P n . For a group G and a G-module A we write H n (G, A) for the cohomology group in degree n as defined in [29, I §2] and we will use the inhomogeneous description using n-cochains C n (G, A) := Map(G n , A) and C 0 (G, A) := A. As usual, we writê H n (G, A) for the Tate cohomology groups. Let L/K denote a local Galois extension with Galois group G. We will also use the notation of class formations of [33, XI, §2] and let u L/K denote the local fundamental class of L/K as defined in [33, XIII, §3f.] , i.e., the element which is mapped to 2. An efficient algorithm to compute the local fundamental class
Throughout this section L/K will denote a Galois extension of Q p with Galois group G = Gal(L/K). Our goal is to find the local fundamental class represented as a cocycle inĤ 2 (G, L × ). A direct method to compute the image of the local fundamental class under
L ) for any k ≥ 0 has been described in [3, §2.4] . Let N be the unramified extension of K with (cyclic) Galois group C and of degree [N : K] = [L : K] and let Γ denote the Galois group of LN/K. Then there is a commutative diagramĤ 
LN ). If ϕ denotes the Frobenius automorphism in C = ϕ and π ∈ K is a uniformizing element, the fundamental class inĤ 2 (C, N × ) is given by (see [26, §30, Sec. 4 and
Since the groups (LN )
L are finitely generated, one can compute their cohomology groups using linear algebra [22] . However, this method turns out to be ineffective even for local fields of small degree.
The basis of a new algorithm to compute the local fundamental class is the theory of Serre [33] and especially exercise 2 of chapter XIII, §5. We recall the results of this exercise and show how to turn it into an efficient algorithm.
Let E be the maximal unramified subextension of L/K and d := [E : K]. Denote the maximal unramified extension of K by K and the Frobenius automorphism of
The Galois group of L/K is given by
We consider L nr := K ⊗ K L, for which we have the following representation:
i=0 L induced by this isomorphism is uniquely described by
and the action of each of the factors is given by the lemma. Explicitly, there is a uniqueσ ∈ Gal( L/K) such that σ| L = σ, σ|K = ϕ j and (ϕ s , σ) acts as (ϕ s−j , 1) σ (with σ acting diagonally).
Let L be the completion of the maximal unramified extension L of L.
Proof. This is [28, V, Lem. 2.1] or [33, XIII, Prop. 15] applied to the totally ramified extension L/E with ϕ d generating Gal( K/E). Since this will be an essential part of the algorithm, we sketch the constructive proof of [28] .
Denote the residue class field of L by κ, the cardinality of the residue class field of E by q and let φ = ϕ d . Let π be a uniformizing element of L. Since κ is algebraically closed, one finds a solution to x φ = x q = xc in κ and one can write c = x
Indeed, if we set a 1 := 1+b 1 π, x 2 := 1+y 2 π, then we need to solve
i.e., we must solve the equation y Proceeding this way one has
and passing to the limit solves the equation in U L .
This fact can be generalized to our case. Let L nr be the completion of L nr , so 
i=0 c i . We prepare our main result by the following lemma. We denote V := ker(w) and from Lemma 12 we get the exact sequences
Lemma 12. (i) ker(w) = {y
Since L × nr is cohomologically trivial, the connecting homomorphisms of their long exact cohomology sequences provide isomorphisms δ 1 :
Indeed, by the axioms of a class formation we have
and the same identities with inv replaced by inv. It follows that inf
by applying the connecting homomorphisms δ 1 and δ 2 as follows. For δ 1 we consider the commutative diagram
which is induced by the exact sequence (1), and where w * is the map on the group
The commutativity of the diagram then implies α ∈ C 1 (G, V ). For the connecting homomorphism δ 2 we consider the commutative diagram
which arises from the exact sequence (2) . To find a preimage of α via ϕ − 1, we need elements in L × nr which are mapped to
by ϕ − 1. By Lemma 11 these preimages are given by
where u σ solves u
π . The commutativity of the diagram again implies that the cocycle directly, but rather work in an appropriate subfield, starting with L. Whenever we cannot solve one of these equations in the residue class field of L, we generate an appropriate algebraic extension and work there from then on. In the worst case, this means that we have to generate an algebraic extension in every step, and, hence, the extensions involved in the computations often become very large.
To avoid this problem we proceed as follows. Let π K and π L be uniformizing elements of K and L, e the ramification degree and d the inertia degree of L/K. Let N be the unramified extension of K of degree [L : K]. Then F := LN is the unramified extension of L of degree e. We set L nr := d F and let E be the maximal unramified extension of K in L with Frobenius automorphism ϕ. In the algorithm below, we construct a special uniformizing element π in
One can then prove that the elements u σ can be constructed in F .
Algorithm 15 (Local fundamental class).
Input: An extension L/K over Q p with Galois group G and a precision k ∈ N. (6) and (7).
Note that the choice of j in this algorithm corresponds to the choice of j in the proof of Proposition 13; see in particular equation (6) .
Proof of correctness.
Step 1: Since u has valuation 0 and F/L is unramified, there exists an element v ∈ U F such that its norm is equal to u. Then π is a uniformizing element of F and has norm N F/L (π) = uπ Step 2: The elementsσ
π . By successively applying the steps in the constructive proof of [28, V, Lem. 2.1] (see Lemma 10) one can construct an element x ∈ U F with x ϕ−1 ≡σ
Step 3: The computation in the proof of Proposition 13 shows that the cocycle γ from (7) represents the inverse of the local fundamental class.
If we compute the elements u σ modulo U
, we also know the images of β to the same precision. To compute γ −1 we divide by σ(β(τ )) and β(σ) and each of these operations can reduce the precision at most by one because all elements in (6) have at most valuation 1. The other operations involved in ∂ 2 (addition, multiplication and application of σ) do not reduce the precision. Hence, we know the images of
This algorithm has been implemented in Magma [6] and its source code is bundled with the second author's dissertation [17] . For a small example where the Galois group is G = S 3 , this algorithm computes the local fundamental class within a few seconds whereas the direct linear algebra method took more than an hour.
The implementation of this more efficient algorithm made several interesting applications possible. In the second author's dissertation [17] , Algorithm 15 is used in algorithms for computations in Brauer groups of (global) number field extensions and for the computation of global fundamental classes. In addition, the algorithm was also applied in a completely different context: based on the Shafarevic-Weil theorem, Greve used the algorithm in his dissertation [20] to compute Galois groups of local extensions.
Epsilon constant conjectures
We recall the statements of the global and local epsilon constant conjectures of [4] and [8] and some important related results. These conjectures are formulated as equations in relative K-groups for group rings.
Let R be an integral domain, E an extension of Quot(R) and G a finite group. For a ring A we write K 0 (A) for the Grothendieck group of finitely generated projective A-modules and K 1 (A) for the abelianization of the infinite general linear group Gl(A). Then there is an exact sequence
with the relative algebraic K-group K 0 (R[G], E) defined in terms of generators and relations as in [34, p. 215 ]. An overview of the relevant results concerning these K-groups is given in [7] . We write Z(E[G]) for the center of E[G] and we will use the reduced norm map nr :
× , which is injective in our cases, and the map ∂
The two cases we are interested in are the following. For R = Z p and E an extension of Q p the reduced norm is an isomorphism (e.g. see [7, Prop. 2 .2]) and we obtain a map For R = Z, E = R the reduced norm map is not surjective but the decomposition
and the Weak Approximation Theorem still allow us to define a canonical map
3.1. The global epsilon constant conjecture. The global epsilon constant conjecture is formulated in the relative K-group K 0 (Z[G], R). For a Galois extension L/K of number fields it describes a relation between the epsilon factors arising in the functional equation of Artin L-functions and algebraic invariants related to L/K. We briefly sketch its formulation which is due to Burns and the first named author and refer to [4] for more details.
The
× is called the equivariant global epsilon constant. We define a corresponding element in the
and also refer to it as the equivariant global epsilon constant.
Let S be a finite set of non-archimedean places of K, including all non-archimedean places which ramify in L. For each v ∈ S with v|p we fix a place w of L above v and choose a full projective 
For each finite place w of L we also write w :
w /X) one can apply the construction of [29, p. 115 ] to obtain a 2-extension is perfect. Here the modules are placed in degrees 0 and 1. We write E w (X) for its refined Euler characteristic in K 0 (Z[G w ], Q) where the trivialization
For the general construction of refined Euler characteristics we refer the reader to [12, §2] . For the construction in our special case see [4, §3.3] , in particular, a triple representing 
Finally, we define elements
, Q) and we can state the conjecture as follows.
Conjecture 16 (Global epsilon constant conjecture). For every finite Galois extension L/K of number fields the element
T Ω loc (L/K, 1) is zero in K 0 (Z[G], Q).
We denote this conjecture by EPS(L/K).
This conjecture has been proved for tamely ramified extensions ( [4, Cor. 7.7] ), for abelian extensions L/Q (see the proof of our Corollary 3), for all S 3 -extensions L/Q ( [9] ), and finally, for certain infinite families of dihedral and quaternion extensions ( [8] ). Moreover, the global conjecture EPS(L/K) is known to be valid modulo the
via the decomposition (9). We immediately obtain
Corollary 17. The global conjecture EPS(L/K) is valid if and only if its
3.2. The local epsilon constant conjecture. We will now describe a related conjecture for local Galois extensions L w /K v over Q p , which was formulated by Breuning in [8] , and we will see how it refines the global conjectures EPS(L/K) and EPS p (L/K). The equivariant global epsilon function of L/K can be written as a product of equivariant local epsilon functions related to its completions L w /K v . Their value at zero is called the equivariant local epsilon constant and the local conjecture describes it in terms of algebraic elements of the extension L w /K v . Here we refer to [8] for details.
Let 
The choice of an embedding ι :
and we obtain the equivariant local epsilon constant
] which we will recall in Section 5.3.
We write
To state the local conjecture we also need the unramified term 
Conjecture 18 (Local epsilon constant conjecture). For every Galois extension
This conjecture has been proved in [8] for tamely ramified extensions, for abelian extensions M/Q p with p = 2, for all S 3 -extensions of Q p (p arbitrary), and for certain other special cases. Actually some of the results on the global conjecture were obtained by the local conjecture which can be regarded as a refinement of the p-part of the global conjecture.
Theorem 19 (Local-global principle). One has the equality
, Q p ) and one can deduce:
Proof. As a consequence, for p = 2, parts (i) and (ii) imply the equivalence of the local conjecture for extensions of Q p and the p-part of the global conjecture.
3.3. An algorithm. We recall the functorial properties of the global and local epsilon constant conjectures. The functorial properties together with the known results mentioned so far imply the following corollary.
Proposition 20 (Functorial property). For a Galois extension L/K of number fields with intermediate field F/K and a local Galois extension
M/N over Q p with intermediate field E/N one has: (i) EPS(L/K) ⇒ EPS(L/F ) and EPS(L/K) ⇒ EPS(F/K) if F/K is Galois. (ii) EPS loc (M/N ) ⇒ EPS loc (M/E) and EPS loc (M/N ) ⇒ EPS loc (E/N ) if E/N is
Corollary 21. Let n ∈ N be a fixed integer. Then the local epsilon constant conjecture EPS
loc (M/Q p ) for all extensions M/Q p of degree [M : Q p ] ≤ n
with p ≤ n implies the global epsilon constant conjecture EPS(F/K) for all Galois extensions F/K where F can be embeded into a Galois extension L/Q of degree [L : Q] ≤ n.
Proof. All extensions below are assumed to be Galois. We conclude
It is well known that for fixed p and n there are only finitely many Galois extensions M/Q p with degree [M : Q p ] = n. So the local conjecture for finitely many extensions implies the global conjecture for an infinite number of extensions. And these finitely many local extensions can be handled algorithmically:
(1) For a fixed positive integer n, compute for all p ≤ n all local Galois extensions of Q p of degree ≤ n. This can be done using an algorithm due to Pauli and Roblot [30] which performs well enough up to degree 15. However, we were not able to compute all local extensions of degree 16 of Q 2 . or disprove the local epsilon constant conjecture for these extensions. In the next section we will discuss how step (2) can be handled. Afterwards, we recall the algorithm of [3] , and finally, we present our algorithmic results and their consequences.
Global representations of local Galois extensions
To do exact computations for a fixed Galois extension M/Q p in the algorithm of Breuning and the first named author, we will need a global Galois extension L/K of number fields with corresponding primes P|p for which K p = Q p and L P = M . Such an extension L/K will be called global representation for M/Q p and is denoted by (L, P)/(K, p).
The proof of the existence of such a global representation involves the Galois closure of a number field [3, Lem. 2.1 and 2.2], but for computational reasons we need a representation which has small degree over Q, or even better, with K = Q.
Henniart shows in [21] that a global representation L/K for the local extension M/Q p exists with K = Q if p = 2, and if p = 2, there exists a global representation with K quadratic over Q. Unfortunately, it is not clear how to find these small representations algorithmically. We therefore present some heuristics.
Search database of Klüners and Malle. The database of Klüners and
Malle [25] contains polynomials generating Galois extensions of Q for all subgroups G of permutation groups S n up to degree n = 15. In particular, the database contains polynomials for all Galois groups of order n ≤ 15. Among those one will often find a polynomial generating a global representation for
Parametric polynomials. Here we consider polynomials f ∈ K(t 1 , . . . , t n )[x]
with indeterminates t i over a field K. Such a polynomial f is said to be parametric for a given group G, if the splitting field L of f is a Galois extension of K(t 1 , . . . , t n ) with group isomorphic to G and, moreover, if for every Galois extension N/K with Gal(N/K) G there exist parameters α 1 , . . . , α n ∈ K such that the splitting field of
is isomorphic to N . Since K is countable, one can systematically enumerate the parameters and one will eventually find a polynomial whose splitting field is a global representation for M (provided it exists). In our applications, we could find such a polynomial by randomly testing different values for the indeterminates t i .
The book [23] by Jensen et. al. contains parametric polynomials (or methods to construct them) for a lot of groups. In particular, it contains polynomials for all non-abelian groups of order ≤ 15, except for the generalized quaternion group Q 12 of order 12. However, there do not exist parametric polynomials for all groups. The smallest group for which the non-existence is proved is the cyclic group of order 8 [23, §2.6 ].
Class field theory.
As a last heuristic, we will use class field theory to construct abelian extensions with prescribed ramification.
3 A discussion of class field theoretic algorithms implemented in Magma is given by Fieker in [18] . For the general theory we refer the reader to [28, Ch. VI] .
If L/K denotes an abelian extension of number fields with conductor f, then p|f if and only if p is ramified in L/K and, moreover, p 2 |f if and only if p is wildly ramified in L/K; cf. [18, §2.4, p. 44] .
One can therefore possibly find abelian extensions of K with prescribed ramification at certain places by choosing an appropriate modulus f, constructing the corresponding ray class field, and computing suitable subfields of the requested degree.
Global representations for extensions up to degree 15.
Let M/Q p be a Galois extension of local fields with group G. For the computation of the unramified characteristic (see (14)) we will also have to consider the unramified extension N f of Q p of degree f = exp(G ab ), where f denotes the exponent of the abelianization G ab of G. Note that for Algorithm 15 we do not need global representations of the fields used in the algorithm.
Since the local conjecture is known to be valid for tamely ramified extensions and abelian extensions of Q p , p = 2, it suffices to discuss the performance of the heuristic methods in the following cases: In all of these cases we restrict to extensions of degree ≤ 15 since for degree 16 we cannot compute all extensions of Q 2 . The hypothesis of wild ramification implies that we only have to consider primes p = 2, 3, 5 and 7. The primes 11 and 13 are not considered because they can only occur (up to degree ≤ 15) in abelian extensions of degree 11 and 13, for which both the local and global epsilon conjecture is known to be true. 
Case (a). First consider extensions with non-abelian
with suitable s, t ∈ Q. Experimenting with small integers s and t and computing the splitting field of f quickly provides global representations for all D 4 -extensions of Q 2 .
Finally, we used class field theory to construct global Galois representations for the three non-isomorphic D 7 -extensions of Q 7 : by taking quadratic extensions K of Q which are non-split at p = 7 and computing all C 7 -extensions of K which are subfields of the ray class field K m , m = 49O K , one finds D 7 -extensions where p = 7 is ramified with ramification index 7 or 14 and where p does not split. Experimenting with different fields K as above one finds global Galois representations for all three D 7 -extensions of Q 7 .
This completes the construction of global representations for all non-abelian wildly ramified local extensions of Q p , p = 2, 3, 5, 7, up to degree 15.
Case (b)
. Using the database [25] we can again find polynomials for all abelian extensions over Q 2 of degree ≤ 7. For extensions of higher degree, the heuristics were not as successful. But to obtain a global result up to degree 15, it is sufficient to consider abelian extension of Q 2 of degree ≤ 7 (see the proof of Corollary 3). , p) with Galois group G constructed in cases (a) and (b), Algorithm 22 below also needs an extension N of Q which is unramified and non-split at p and is of degree f = exp(G ab ). For non-abelian extensions of degree ≤ 15 the maximum degree of N can easily be determined to be f = 4. And in the abelian case, we need unramified extensions of degree ≤ 7.
Case (c). For each of the pairs (L/Q
Most of these unramified extensions can be constructed as a subfield of a cyclotomic field Q(ζ n ) generated by an n-th root of unity ζ n . In the other cases one finds global representations using the database [25] .
A complete list of polynomials which were found using these heuristics is contained in the second named author's dissertation [17] .
Algorithmic proof of the local epsilon constant conjecture
We briefly recall the algorithm described by Breuning and the first named author in [3, §4.2]. There the authors explain in detail how each of the terms in the local conjecture can be computed and how this results in an algorithmic proof of the local conjecture for a given local Galois extension L w /K v . Since by the functorial properties of the local conjecture one has EPS
For the rest of this section, fix the Galois extensions L/K and N/K and a prime p of K as the input of the algorithm. We assume that L/K (resp. N/K) is a global representation of L w /Q p (resp., the unramified extension of Q p of degree f := exp(G ab )). For simplicity, the unique prime ideal above p in the fields L, N , or any subextension of L/K will also be denoted by p. If it is necessary to avoid confusion, we will write p K , p L and p N . Furthermore, we will identify the ideals p L |p K with places w|v of L and K, respectively, such that L w = L p and K v = K p . We write e w|v = e(L w /Q p ) for the ramification index. Recall that for a finite place w of L we write w : L × −→ Z for the normalized valuation associated with w (or p L ).
We will first recall the complete algorithm of [3] and then explain each step. In step 2 we will construct a big number field E which, among other things, is a splitting field for G. Hence the Wedderburn decomposition of
Algorithm 22 (Proof of the local epsilon constant conjecture).
Input: An extension (L, P)/(K, p) with K p = Q p in which L/K is Galois with group G and a Galois extension N/K of degree exp(G ab ) in which p is non-split and unramified.
Output: True if EPS
loc (L P /Q p ) was successfully checked.
(Construction of the coefficient field)
1 Compute all characters χ of G and use Brauer induction to find an integer t such that the Galois Gauss sums can be computed in
2 Construct the composite field E of L, N and Q(ζ m , ζ p t ) and fix a complex embedding ι : E → C and a prime ideal Q of E above p.
(Computation of cohomological term)
Licensed 
.2.3]).
4 Compute a cocycle representing the local fundamental class up to precision k in
5 Construct a complex representing this cocycle by [29, p. 115 
(Computation of the terms in χ E × ) 6 Compute the correction term
, the reduced norm map nr :
All steps were explained in detail in [3] . However, there were some problems that needed further improvements to give a practical algorithm. First, the existence of global representations is due to a theoretical argument by Henniart in [21] which we still cannot make explicit. For the construction of these representations we gave some heuristics in the previous section which we successfully applied to extensions of small degree. Second, the computation of local fundamental classes as presented in [3, § 2.4] is not very efficient and is significantly improved by Algorithm 15; and third, Wilson and the first named author [5] developed new algorithms for computations in the relative algebraic
Below we will discuss each part of the algorithm separately.
5.1. Constructing the coefficient field. As explained in [3, § 4.2.2] we need to construct a global field E, in which all the computations take place. For the computation of the unramified term, we will need a cyclic extension N/K which is unramified and non-split at p.
Another extension involved is Q(ζ m , ζ p t ), where m is the exponent of G and t is computed as described below. By Brauer's theorem [32, Sec. 12. contains all character values. The root of unity ζ p t is used to represent Galois Gauss sums and the integer t is determined as follows.
For each character χ of G one computes subgroups H, linear characters φ of H, and coefficients c (H,φ) The composite field of the three fields L, N and Q(ζ m , ζ p t ) is denoted by E, giving the following situation:
We then fix a complex embedding ι : E → C. The embedding ι is essential because some of the terms in the conjecture depend on the particular choice of the embedding: for example, the definition of the standard additive character below; see also [3, § 2.5]. So once we compute an algebraic element representing this value, we have to maintain its embedding into C. Since we still try to avoid computations in such a big field E, this implies the following: whenever we do calculations in a subfield F ⊆ E, we have to choose embeddings ι 1 : F → C and ι 2 :
We also fix a prime ideal Q of E above p and an embedding E → E Q such that E → E Q → C p and E ι → C → C p coincide. Then all the invariants appearing in the conjecture lie in the subgroup
, C p ) and they can therefore be represented by tuples in Z(
In fact, we will see that all these elements are already represented by elements in χ∈Irr(G) E × and can therefore be computed globally. We compute a cocycle
) representing the local fundamental class up to precision k using Algorithm 15 and then the projection of γ onto
can be computed globally; cf. [2, Rem. 3.6] . We can then construct the corresponding complex 
We explain the notation in the latter equation. The element σ ∈ G is a lift of the local norm residue symbol (p,
Gal(F/K) with F being the maximal abelian subextension in L/K. An algorithm to compute local norm residue symbols is described in [ 
to work with the q-part of K 0 (O F [G], F ). But in practice, unfortunately, this has only been implemented in Magma for K = Q and p = pZ.
The field F is an extension of Q which is totally split at p. We obviously have
If F satisfies certain conditions, this isomorphism of relative K-groups is canonically given by isomorphisms on the ideal part I(C p ) and the cokernel part coker(μ p ).
Proposition 24.
Let K = Q and p = pZ. Let F/Q be a Galois extension which is totally split at p and for which F ∩ K i = Q for all i = 1, . . . , r. Let q be a fixed prime ideal of F above p. Then the following holds:
(ii) For every ideal P of K i there is exactly one prime ideal Q in F i lying above P and q. (iii) There are canonical isomorphisms 
commutes. Here the right-hand vertical isomorphism is induced by (iii).
Proof. (i) Since F and K i are disjoint over Q, one has Irr Q (G) = Irr F (G) and
(ii) If Q is any prime ideal in F i above p and P = Q ∩ K i , q = Q ∩ F , then the automorphisms τ and σ for which τ (P ) = P and σ(q ) = q define an element ρ = σ × τ in the Galois group of F i /Q and Q = ρ(Q ) is a prime ideal which lies above both P and q. Since F ∩ K i = Q and F/Q is totally split at p, the extension F i /K i is also totally split at every prime ideal P above p. The uniqueness of Q therefore follows from degree arguments.
(iii) Let P be a prime ideal of K i and Q the prime ideal of F i which lies above q and P. Then the valuation v Q of F i extends the valuation v P of K i and if we identify each pair P and Q, we get an isomorphism
Since q|p is unramified the order M is maximal at q. This implies the first part of (iv). The commutativity follows from straightforward verification. 5.4. Further remarks. 1. As mentioned before, the algorithms of [5] to compute K 0 (Z p [G] , F q ) are just implemented for F = Q. The extension to F/Q described above will work if F is totally split at p, F/Q is Galois, and F ∩ Q(χ) = Q for all characters χ. The first condition is always true since we want to work with the decomposition field F ⊆ E of Q, and the latter conditions are valid in all cases we consider in the computational results below.
2. The computation of the prime ideal Q in E is a very hard problem when the degree of E gets large. In the last part of Algorithm 22 we will therefore try to replace E by a much smaller field
× be the element combining all the invariants except the cohomological term.
As in [3, bottom of page 788] we deduce that I χ ∈ F (ζ m ) where m = exp(G) and F = E G Q denotes the decomposition field of Q. To compute a small field E without computing the ideal Q and its decomposition group itself we proceed as follows: for every χ we compute the minimal polynomial m χ of I χ . Then we compute the composite field E of the splitting fields of the polynomials m χ and Q(ζ m ). We note that the splitting fields will always be subfields of E. The computation of these fields is also a difficult task, but where this approach could take hours, the computation of Q did not succeed in several days.
In the end, E is a subfield of E such that I χ , ζ m ∈ E . Compute an ideal q of E above p, denote the decomposition field of q by F , and compute q = O F ∩ q . Then it follows from above that I χ ∈ F (ζ m ) and
× . In our computations, these fields F were at most of degree 4 over Q and they were always Galois so that we could apply Proposition 24 for the remaining computations in
Note that all computations were independent of the choice of the prime ideal Q above p because all invariants were actually computed globally. The proof of the conjecture will therefore also be independent of the choice of q .
Computational results
Algorithm 22 has been implemented in Magma [6] and is bundled with the second author's dissertation [17] . It has been tested for various extensions up to degree 20 and the computation time turns out to depend essentially on the degree of the composite field E.
The most complicated extension for which we proved the local epsilon constant conjecture was an extension of degree 10 of Q 5 with Galois group D 5 . The composite field E then had degree 200 over Q. The computation of the epsilon constants, which needs an embedding E → C, already took about 7 hours, but the most timeconsuming part (about 6.5 days) of Algorithm 22 was the computation of minimal polynomials and their splitting fields mentioned in the remarks above. The field E then just had degree 4 over Q making the remaining computations very fast. The total time needed to prove the local conjecture in this case was about 7 days.
Proof of Theorem 1. Since the local conjecture is valid for abelian extensions of Q p , p = 2, the only primes to consider are p = 2, 3, 5, 7. All local extensions for these primes of degree ≤ 15 that are either non-abelian, or abelian with p = 2 and of degree ≤ 6 have been considered in Section 4.4 and global representations have been found using the heuristics described in Section 4. Also global representations for the corresponding unramified extensions-which are of degree at most 6-could be found using the database [25] .
For each of those extensions we then continued with Algorithm 22 to prove the local epsilon constant conjecture. Details of the computations can be found in the author's dissertation [17] . This completes the proof of Theorem 1.
Using some already known results we can also prove: Proof. The cases not considered in the theorem above are extensions of Q p , p = 2, which are either tamely ramified or have abelian Galois group, and extensions of Q 2 which are tamely ramified. These cases have already been proved in [8] . Note that for degree 7 there is just one extension of Q 2 which is also tamely ramified.
We finally provide the proofs of Corollary 3 and Corollary 7.
Proof of Corollary 3. We recall that EPS loc (E/F ) is true for all tamely ramified Galois extensions and for all abelian extensions E/Q p , p = 2. Combining these results with Corollary 25 we deduce Corollary 3 from Theorem 19 (iii). 
Proof of Corollary

